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VARIOUS FTJGHC CONDITIONS 
By Byron M. Jaquet 
Calculations have been made t o  d e t e w  the e f fec t s  of Mach number 
and altitude 011 the lateral  frequency response, the lateral response t o  
a lateral sinusoidal gust distribution, and the period and damping of 
Republlc F-84, Douglas D-558- I I ,  and Bell X-1 d r p l a n e s  without auto- 
pilots. AeroeLastic and unsteady lift ef fec ts  have not  been included 
taln fUght conditions. The results of the investigation axe presented, 
without analysis, for reference purposes. 
c the l a te ra l   Osc iUat ion   for  the North American F-W, G ~ - ~ . m m n  FgF-2, 
(. in the calculations and may have a large ef fec t  an the resu l t s  for cer- 
In order t o  -rove the poor Anmping of the Dutch r o l l  oscjJlation 
of many current high-speed airplanes resort has frequently been msde t o  
the use of autopilots. Autopilot characteristics are generally available 
in the form of frequency-response characterist ics rather than in equation 
form. Hcnce, the Lateral-frequency-response  characteristics of a i r p l a n e s  ha= become an increasingly m o r e  important factor b the analysis of the 
s t a b i l i t y  of &D. airplane-EurtopilOt system. 
Numerous studies have been made of the dyaamic stabil i ty of airplanes 
froan the standpoint of period and damping of the Lateral osci l la t ion  (see,  
f o r  example, ref 6. 1 t o  5, although only a relatively f e w  studies of the 
(see, f o r  example, refs. 6 t o  ll) . A thorough study of the Lateral- 
f requency-response characterist ics,  using transient-f Ught results, wa6 
0 frequency-response character is t ics  of high-speed sirplanes have been made 
% 
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made for a 35O swept-wing fighter airplane in the investigation reported 
in reference U. A survey of various techniques fo r  the s tab i l i t y  anal- 
ysis of automatically controll-ed a i r c ra f t  i s  presented in reference 12. d 
The present paper presents the results of calculations made to   de te r -  
mine the effec ts  of Mach number and altitude on the period and damping of 
the lateral osci l la t ion and an the transfer functions resulting from 
aileron o r  rudder deflection for the North American F-86A, Grumman FgF-2, 
Republic F-84, Douglas D-558-11, and Bell X - 1  airplanes without autopilotr;. 
In addition, because of the importance of the response of a i rplanes to  
atmospheric turbulence (ref.  13) the yaw response of the aforementioned 
a i rp lanes  t o  8 sinusoidal   la teral  gut dis t r ibut ion was calculated for 
several Mach numbers and al t i tudes.  
The results of the investigation are presented without analysis f o r  
reference purposes. 
COEFFICIENTS AND SYMBOLS 
The data presented herein are in   the  form of standard NACA coeffi- 
c ients  of forces and moments and symbols and are  referred to  the s tabf l -  
f t y  axes shown in  figure 1. The symbols and coefficients used herein 
are defined as follows: 
L l i f t ,  lb 
W weight, l b  
Y la teral   fo ce,  l b  
L '  rol l ing mmnent, f t - l b  
N yawing mQment, f t - lb  
9 dyaamfc pressure, lb/sq f t  
S area, sq f t  
b span, f t  
A aspect  ratio, b2/S 
P ~ S S  density of air, slugs/cu f t  
V airspeed,  ft/sec - 
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K 
pb/2V --tip blix angle, radians 
* r b / N  yawtng-mgubr-velocity parameter, r W  
P rolJ-ing-angula;r velocity about X - m s ,  radian/sec 
r yawing-asgular velocity about Z-axis, radfan/sec 
6, t o t a l  aileron deflection, deg 
6, rudder M l e c t i o n ,  deg 
PI angle of bank, radians 
$ angle of yaw, radians unless o the ru iae  noted 
a angle of airstream with  respect to Fnitial flight-path  direction 
1 of afrplane, rdLan8 unless otherwise noted. 
CL of attack ~f fuselage  reference  ne, &g (see fig. 1) 
A angle of mepback of v€ng, deg (aubscrlpt denotes chord I d r e )  
T inclination of principal  longitudinal axis of airplane with 
respect t o  flight path, posi t ive when principal axis is above 
f l ight  path at nose, deg (see f i g  . 1) 
E angle between reference &s and principal axis, positive when 
reference axis is above principal d s ,  deg (see f ig .  1) 
7 angle of fUght path t o  horizontal ax is ,  positfve In a climb, 
deg (see fig. I) 
Pb relative  density  factor, W / g p w  
- i3 accehratian ~f gravity,  ft/sec/sec 
w frequency, radians/sec 
(4l natural frequJ??ncy, radiana/sec 
.. 
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Kx 
KZ 
radius of gyration in yaw about principal vert$cal axis, f t  
nondiraensional radius of gyration in ro l l  about longitudinal 
stability axis, 
\IKXo2 coe2q + 
%' sin q 2 
nondirmensionsl radius of gyration i n  yaw about vertical stabil- 
nondinaenslonal product of inertia paranaeter, 
t time, 6ec 
'b noncthnstonal time parameter, t v b  
T1/2 t- f o r  oscillation to damp t o  one-half ampLitude, sec 
P period of oecillatlon, sec 
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Y 
E altitude, ft 
W M Mach number 
R Reynolds ILumber 
Subscripts : 
H horizontal  tall 
V ver t ica l  tail 
F fuselage 
M = O  ak Mach number 0 
C = -, per radian a% 
a p  
5 
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a% 
%r = _ r b  
-, per radian 
d- 
2v 
= -, per deg 
acn 
G S  = ” per deg a a b  
= 2, per deg % as, 
% as, = 3, per deg 
. 
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CALCULATION mmDs 
Equations of Lateral Motion 
The linear nondhensionaL equations of lateral motion, referred to 
the s t a b i l i t y  system of‘ axes of figure I, are: 
Roll: 
sideslipping: 
8 
Transfer Functions 
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In  order t o  find the  amplitude and phase relationshfp of P, $, 
and JI resul t ing from unit  sinusoidal  variations in  6, and h, equa- 
t ions (1) are solved by the method of determinants, a substi tution is made 
f o r  the sinusoidal variations of control deflection, and the resulting 
expressions are separated in to  real and imaginary parts. The f i r s t  step 
i n  the operation gives equations (2) which are similar t o  those presented 
in references 14 (with the initial conditions of zero) and 15. These 
equations are : 
c 
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CL 
and A, E, C, D, and E are given on page 35 of' reference 14 and 
9 
10 
d3 = O(since tan 7 = 0) 
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Substituting % f o r  the operator % in equatiops  (2) results 
in a complex number of the form C, or  Cz (a + b i )  which is' changed 
6, 6a 
The transfer functions were then computed Over a range of nondimensional 
frequencies which are related t o  CD radian/sec by o = cq, -. V 
bW 
In order to obtatn the transfer functions - and the corre- (P 
6r u sponding phase angles, the magnitude of - ’ w8s multiplied by (D 
and was added to the phase cingLe to obtain the phase angle 0 6 . Eat 6, 
2 
.I, 6r 
A similar procedure was used f o r  - and the corresponding  phase v 
6r 
angles. 
In addi t ion to the transfer  functions  the  period a& damping of the 
lateral  oscillation were cdculated fram the roots of the characteristic 
equation A The damping ratio (ref. 12) was calculated frm 
E.= O a 6 9 3  ere % is t h  natura frequency in r u m  per second and 
T1/2% 
the damping ratio  is  the ratio of actual to critical  damping. 
Sinusoidal  Lateral  Gust  Response 
O n l y  the response in yaw to 8 sinusoidal  lateral-gust  disturbance 
the fuselage were not  considered. The gust  disturbance u w a s  considered 
to be an effective  sinusoidaUy varying sideslip angle which produces an 
. was calculated for the subject airplanes and penetration  effects along 
- additional CZ p and C+-, B on the right side of the roll and yaw equa- 
B B 
tims of motion  (equations (1) in CdcuJation Methods).  his effective 
sidesUp angle WRS Considered  to be equal numericallly  to B .  
From the transfer functions we have 
and 
12 " 
which  upon  substitution of % = iuJb gives 
5 = Rlei(el+A) + R2e i o2  
(3 
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Y 
or 
where the amplitude  ratio R3 is equal t o  
and the phase angle €3 
tan-I 
is equal. to 
and 
C[ 
R~ sin(el + A) + R2 sin e2 
s1n-l \ 
R~ cos(el + x )  + Re cos e2 + R~ sin( el + x )  + R2 sin e2 I' c I' 
The factor n was added to el to account f o r  a change i n  sign 
Of czp since c z P  
i s  us- negative.  he expression $ was multi- 
plied by 1000 f e e t  per  second for the gust velocity and divided by V 
a 
8 
i n  feet per second t o  obtain the relative emplificatian factor - - IJ-l-oOo 
S V  
a6 wa8 used in reference 13. 
d 
Geometry 
The a i rp lanes  selected f o r  the present  imeetigation were the North 
American F-86A, Grunm~an FgF-2, Republic F-84, Douglas D - 3 g - 1 1 ,  and Bell X-1.  
Pertinent geometric and mass data are given in tables I and U: 8nd a 
drawTng of each airplane is  presented in  figure 2. The airplane mass data 
were obt-d from unpublished results, the Flight Research Diyision of the 
Langley Aeronautical Uboratory, from reference 1 for the Bell X-1 airplane. 
and f r o m  references 2 and 3 for  the Doughs ~558-11 airplane. 
Stability Derivatives 
--speed data.- Scale models of the Horth her ican  F-86A and 
G- FqF-2 afrplanes were obtained from t.b= Lsngley Eydroaynemics D i d -  
sion and were tested in the Iangley etabll l ty t-1 t o  determine the nec- 
essary static and rotary derlktives. These data are presented in figure 3 
Douglas D-558-11 and the Bell X-1 were  prevfously investigated in the 
Langley stab=* <-1, ( re fs .  2 and z, respectively). The s ta t ic  
derivatives of the RepubUc F-84 a t  a lox Mach nuniber were obtained fram 
unpublished results. The ro"y-etability derivatives for the Fkpubllc F-84 
a i r p m  Whg-fuselage CtXlbination ere dete-d by the methods &scribed 
i n  reference 17. The vertical-tail  increments of the rolling and yawing 
derivatives were calculated by the w e  of tihe equations presented in refer- 
ences 18 and 19 and the experimental vdues of of the  vertical   tai l .  
* 
- since  they have not been presented before. Scale models of the 
Mach number effects.- For all -lanes considered, the derivatives 
of the wing-fuselage ccanbiaation, w3th certain exceptions, were corrected 
f o r  the effects of Mach nrrmber by the metbds of reference 20. In making 
these correction6 the experimental variation of Cr, with Mach m b e r  was 
used when available ( re fs .  21 and 22). The derivatives C, p, CY, cnr, 
and % were those not corrected for the effects of Mach &r. The 
fuselage generally is the major contributor t o  these derivatives a t  low 
-6 of attack and the effects of Mach number m these fuselage deriva- 
t ives are ~ ~ 6 u a J - l ~  small Fn this --of -attack range. 
- 
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The ver t ical- ta i l   der ivat ives   for  all airplanes considered were 
corrected f o r  Mach ntmiber effects  by determining the effective aspect 
r a t i o  of the t a i l  a t  a low Mach rider (M = 0)  from the experimental 
and reference 23. The methods of reference 20 were used to  deter-  
mine Mach number corrections  to the vert ical- ta i l   l i f t -curve  s lope for 
the effective aspect r a t i o .  All vertical-tail  derivatives w e r e  then 
( c 4  M 
corrected for Mach number effects  by using  the  ratio 
The t o t d  airplane derivative at a given angle of attack and Mach 
number was then determined by the sum of the  vertical-tail  contribution 
and the wing-fuselage-combination contribution. 
The variation of CL with Mach  number for several angles of at tack 
f o r  each airplane is  presented in figure 4 and the variation of the   s ta t ic  
and rotary derivatives with Mach number f o r  each airplane i s  presented Fn 
figure 5.  
Aileron and rudder effectiveness.- The aileron  effectiveness ‘’ba 
and rudder effectiveness and the sources for each  airplane are 
given Fn the  following  table : 
%s, 
urp- 
North American F-864 
GIWDUWB F9F-2 
Republic F-84 
Douglas D-558-11 
Bell x-1 
CI 
d26a’ per Reference 
-0.0015 
25 - .0015 
24 
- .002l Unpublished 
t e s t s  
- . m u 5  
Unpublished - .00152 
27 
tests 
-0.0010 
- .Ooo7 
- .0017 
- . 0012 
- .00246 
Reference 
hpub l i  shed 
t e s t s  
20 
Unpublished 
t e s t s  
These values were assumed t o  be constant for all. flight condftions. 
. -  
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Presentation of Results 
The. f l lght conditions investigated are indicated fn table II. 
Because there are a kge rider of figures in the present paper they 
are indexed in the fo l la r lng  table: 
Data FQw- 
Low-speed experimental s ta t ic  and rotary derivatives of 
Variation of lift coeff icierrt  wlth Mach ruuiber f o r  the 
Variation of s ta t ic  and rotary  derivatives with Mach nrnnber 
Lateral period and damping characteristics of the 
Effect of Mach number and altitude cm ratio of a c t u d  t o  
Variation of natural frequency with Mach number f o r  the 
sc& models of the I!”& and F9F-2 d r p l a n e s  . .  ‘L . . . . . . . .  3 
a i r p m s  investigated . . . . . . . . . . . . . . . . . . . . . .  4 
f o r  the airplanes investigated . . . . . . . . . . . . . . . . . .  5 
e.irphnes fmrestigated 6 
critical. braping for the airplanes investigated 7 
a i rp lanes  investigated . . . . . . . . . . . . . . . . . . . . . .  8 
response characteristics of the P-%A airplane . . . . . . . . . .  9 
response characteristics of the FgF-2 . . . . . . . . .  10 
characterFstics of the FgF-2 airplane a t  M = 0.4 . . . . . . . .  11 
response characteristics of the D-558-11 airplane . . . . . . . .  12 
response characteristics of the 11-558-11 airpl- . . . . . .  13, 14 
res-ponse characteristics of the X-1 airpm . . . . . . . .  15, 16 
sinusoidal l a te ra l  gust distribution . . . . . . . . . . . . . .  17 
sinusoidal  hteral gust distribution . . . . . . . . . . . . . .  18 
- * . . . . . . . . . . . . . . . . . . . . . .  
” 
f . . . . . . . . . .  
I Effect of Mach number and altitude on the lateral-frequency- 
- Effect af Mach  number and altitude on the lateral-frequency- 
Comparison of calculated and flight lateral-freqyency-response 
Effect of Mach number and altitude on the Lateral-frepncy- 
Effect of Mach number and altitude on the lateral-frequency- 
Effect of Mach number and altitude on tk  lateral-frequency- 
Laterd- frequency response of F-%A a i r p ~ ~ ~ ~  t o  a 
Lateral frequency response of F9F-2 drplzne t o  a 
Lateral frequency response of F-84 airplane t o  a 
Lateral frequency response of D-558-11 airplane t o  a 
Lateral frequency resppe of X-1 airplane t o  a 
sinusoidal lateral gust distribution . . . . . . . . . . . . . .  19 
sinusoidal  lateral gust distribution . . . . . . . . . . . . . .  20 
sinusoidal  lateral gust distribution . . . . . . . . . . . . . .  21 
The results of the  present  investigation are presented inthe f o m  
of p l o t s  of P (period) and T ~ / ~  (time t o  damp t o  cme-half amplitude) 
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of the   l a te ra l   osc i l la t ion  of each airplane egainst Mach number f o r  vari- 
ous al"t.itudes (fig. 6 ) ,  plots  of the la te r& frequency response against 
frequency for various flight conditions (figs. 9 t o  16) , and plots  of the c 
yaw response t o  a sinusoidal  lateral-gust  distribution against frequency 
r a t io  for various flight conditions (figs. 17 t o  U] . 
General. Comments 
Aeroelastic and unsteady lift effects  have not been included i n  the 
caLculations and may have a large effect  on sane of the derivatives, 
especially at the l o w  a l t i tude investigated (1000 f e e t ) .  The investiga- 
t i on  of reference 1l on the F-%A airplane has indicated a large aero- 
e las t ic   e f fec t  on the  derivatives Clp ,  (&, and Gs, at high speeds 
a t  an a l t i tude  of 10,000 fee t .  The results f o r  the F-84 airplane are 
believed t o  be applicable for models through D only, since,  for  la ter  
models, the fuselage was lengthened by adding a section between the w i n g  
and the t a i l  and this change would alter the derivatives. 
The p e r i d  and wing of the Lateral   oscil lation are compared Kith 
the Bureau of Aeronautics cr i ter ion (ref .  29) and with P l i g h t  data when 
available (fig. 6 ) .  Except f o r  the D-558-11 airplane, calculations were 
not made for   specif ic  flight-test conditions and hence, i n  some cases, an 
exact comparison between calculated and flight results is not possible. 
The agreement between the calculated and flight values (ref. 30) of T1/2 
for  the D-558-11 airplane is poor (fig. 6(e)) .  The f l i g h t  frequency- 
response characteristics (fig. ll) and the period and damping characteris- 
t i c s   ( f i g .  6(b) ) of the FgF-2 airplane w e r e  obtained from the Langley 
Flight Research Division and are ac tua l ly   for  the F9F-3 airplane with tip 
tanks empty. Since the FgF-3 airplane differs from the FgF-2 airplane 
only i n  that a larger, sUghtly h e a d e r  engine is used in model -3 it fe 
believed that the results presented herein are applicable t o  both models. 
The value of K (table 11) used in the calculations f o r  the FgF-2 air- 
plane was f o r  the c o d i t i o n  of t b  t i p  tanks 3/4 - and as a resut it 
is about twice the value of K f o r  the flight-test conditions. This 
difference probably accounts f o r  the calculations underestimating the 
- response of the airplane at tk bfgher frequencies (fig. 11). 
6a 
x, 
x0 
if 
The e f fec ts  of Mach number on the frequency-response characterist ics 
of the F-86A at an altitude of 20,000 f e e t  as presented herein (fig. 9) are, in  general, similar t o  those obtained in flight (ref. U). 
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Calculations have been made t o  provide Momnation on the lateral- 
frequency-response characterist ics of the Horth American F-%A, 
through a range of flight conditions. In addition to W e  information 
the period and Anmping of the   l a t e ra l   o sc i l l a t ion  and r a t i o  of actual t o  
c r i t i c a l  ming have also been detemined. The freq-7-response'da 
were also put into such a form &B t o  represent t h  lateral response of 
these airplanes t o  sinusoidal lateral db tu rbmces  of the air. Aero- 
e l a s t i c  and unsteady lift ef fec ts  have not been accounted f o r  in the 
CalcULatians and may have an Fmportant influence under cer ta in  flight 
conditions .. 
Gr~mman F9F-2, Republic F-84, Do- D-358-II, and Bell X-l  aimlases 
Langley Aeromntical Laboratory, 
National Advi60ry C o n n n i t t e e  f o r  Aeronautics, 
Langley Field, Va., September 29, 1953. 
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(a) Stab i l i t y  system of &xes. Arrows indFcate  positive direct ion uf 
forces, moments, and angular velocities. 
Figure 1.- System of axes. 
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(b) System of axes and angular relationship in f l i ght .  Arrows indicate 
positive direction of mgles. 
Figure 1.- Concluded. 
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Figure 4.- V a r i a t i o n  of CL with Mach number far aeveral angles of attack 
for the  airplanes  investigated. 
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(a) North American F-86A. 
Figure 5.- Variation of static and rotary stability derivatives with kch 
number for eewral angles of attack for the airplanes Investigated. 
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(b) Gruaman FgF-2. 
Figure 5.- Continued. 
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Figure 5.- Continued. 
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(a) N o r t h  American F-86A. 
Figure 6.- Lateral period and damping characterietice of' the alrplenee 
investigated. 
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Figure 6 . -  Continued. 
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Figure 6 . -  Concluded. 
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Figure 7.- FXfecC o f  Mach n W e r  altitude on the ratio of ac tua l   to  
critical. damping for the airplanes investigated. 
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F Q m e  8.- Variation of the  natural frequency with Mach number 
for the airplanes inoeetigated. 
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Figure 9.- Wfect of Mach nuniber and altitude on the lateral frequency 
response characteristics of the North American F-%A airplane. 
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Figure 9.- Continued. 
43 
5 
- 3  
- A!- 
-n t 
North American F-%A airplane. 
Figure 9.- Continued. 
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Figure 10.- Effect of Mach number and altitude on the lateral frequency 
response characteristics of the Grumman F9F-2 ~ i r p h ~ ~ e .  
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Figure 10.- Continued. 
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Figure Lo.- Continued. 
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Figure 10. - Concluded. 
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Figure I". - Comparison of calculated and flight  lateral frequency responae 
characteristics of the G?nmm.u F9F-2 airplane. M = 0.4. 
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Figure 12.- Effect of Mach number and altitude on the lateral frequency - response  characteristics of the.Republic F-84 airplane. 
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Figure 12. - Continued. 
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Figure 12.- Continued. 
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Figure 12.- Concluded. 
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Figure 13. - Effect of Mach number and altitude on the lateral frequency 
response characteristics of the Douglas D-558-11 airplane. 
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Figure 13. - Continued. 
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Figure 13. - Concluded. 
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Figure  14.- Effect of Mach nunfber on the Lateral freqgency response char- 
acteristics of the Douglas D-558-II airplane. 
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Figure 14.- Concluded. 
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Figure 15.- EXfect of Mach number and altitude on the la teral  frequency 
response characterfstics of the Bell X-1 airplane. 
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Figure 15.- Continued.. 
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Figure 15.- Continued. 
64 
8 ,  
NACA RM ~ 5 3 ~ 0 1  
H, ft 
am " 
o - ' " " " " " " " " J  
1 -  
7 c  
M 
04 
6 
9 
c 
4 r -  r 
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Figure 15. - Copcluded. 
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Figure 16.- Effect of Mach nuuiber on the lateral frequency response char- 
ac te r i s t i c s  of the Bel X-1 airplane. 
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Figure 16.- Concluded. 
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(a) Altitude, 1,ooO feet. (b)  Altitude, 20,oOO feet. 
Figure 17.- Lateral Frequency response of North American P-86A airplane to a 
sinusoidal latad guat distribution. 
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(a) Altit&, 1,000 feet. (b) Altitude, 20,oOO feet. 
Flgme 18.- Lateral frequency responee of G r u ~ m a n  F9F-2 airplane to a 
aFrmeoidal lateral gust distribution. 
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(a) Altitude , 1,MM feet. (b) Altitude, 20,000 feet. 
Figure 19.- Iateral frequency response of Republic P-84 aFrplane t o  a 
sirmsoidal lateral gwt diatrlbutlon. 
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(b) Altftude, 20,000 feet. 
Figure 20.- Lateral frequency response of Douglaa D-558-n airplane t o  
a einusoidal lateral  gust distribution. ___ 
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Figure 21.- I s t e ra l  frequency reeponse of Bell X-1 airplane to a siwsoidal 
lateral guat dietribution. 
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